In this paper, we introduce and study some properties of pairwise upper (lower) semi-I -continuous multifunctions.
Introduction
It is well known that various types of functions play a significant role in the theory of classical point set topology. A great number of papers dealing with such functions have appeared, and a good number of them have been extended to the setting of multifunctions [8] [9] [10] [11] . This implies that both, functions and multifunctions are important tools for studying other properties of spaces and for constructing new spaces from previously existing ones. The concept of ideals in topological spaces has been introduced and studied by Kuratowski [6] and Vaidyanathaswamy, [13] . An ideal I on a topological space (X, τ) is a nonempty collection of subsets of X which satisfies (i) A ∈ I and B ⊂ A implies B ∈ I and (ii) A ∈ I and B ∈ I implies A ∪ B ∈ I . Given a bitopological space (X, τ 1 , τ 2 ) with an ideal I on X and if P(X) is the set of all subsets of X, a set operator (.) i : P(X) → P(X), called the local function [13] of A with respect to τ i and I , is defined as follows: for A ⊂ X, A i (τ i , I ) = {x ∈ X : U ∩ A / ∈ I for every U ∈ τ i (x)}, where τ i (x) = {U ∈ τ i : x ∈ U}. A Kuratowski closure operator i Cl (·) is defined by i Cl (A) = A∪A i (τ i , I ) when there is no chance of confusion, A i (I ) is denoted by A i . If I is an ideal on X, then (X, τ 1 , τ 2 , I ) is called an ideal bitopological space. In this paper, we introduce and study pairwise upper (lower) semi-I -continuous multifunctions and obtain several characterizations of such functions.
Preliminaries
By a multifunction F : X → Y , following [1] , we shall denote the upper and lower inverse of a set B of Y by F + (B) and F − (B), respectively, that is, [5] if S ⊂ j Cl (i Int(S)). The complement of an (i, j)-semi-Iclosed set is said to be an (i, j)-semi-I -open set. The (i, j)semi-I -closure and the (i, j)-semi-I -interior, that can be defined in the same way as Cl(A) and Int(A), respectively, will be denoted by (i, j)-sI Cl(A) and (i, j)-sI Int(A), respectively. The family of all (i, j)-semi-I -open (resp. (i, j)-semi-I -closed) sets of (X, τ 1 , τ 2 , I ) is denoted by (i, j)-SI O(X) (resp. (i, j)-SI C(X)). The family of all (i, j)-semi-I -open (resp. (i, j)-semi-I -closed) sets of (X, τ 1 , τ 2 , I ) containing a point x ∈ X is denoted by (i, j)-SI O(X, x) (resp. (i, j)-SI C(X, x)). A subset A of a bitopolgical space (X, τ 1 , τ 2 ) is said to be τ 1 τ 2 -closed [2] if A = τ 1 -Cl(τ 2 -Cl(A)). The complement of a τ 1 τ 2 -closed set is said to be τ 1 τ 2 -open. The intersection of all τ 1 τ 2 -closed sets containing A is called τ 1 τ 2closure of A and denoted by τ 1 τ 2 -Cl(A). The union of all τ 1 τ 2 -open sets contained in A is called τ 1 τ 2 -interior of A and denoted by τ 1 τ 2 -Int(A).
On (i, j)-semi-I -continuous multifunctions
3. upper (lower) (i, j)-semi-I -continuous if it has the property at each point of X.
be a multifuntion, the following statements are equivalent
Proof. The proof is clear.
Theorem 3.3. The following are equivalent for a multifunction F :
For a multifunction F :
Lemma 3.4. For a multifunction F : (X, τ) → (Y, σ ), the following hold:
Then there exist a finite number of points, say y 1 ,
. This shows that F is lower (i, j)-semi-I -continuous.
is an upper (i, j)-semi-I -continuous multifunction such that F(x) is σ 1 σ 2 -compact for each x ∈ X and Y is a σ 1 σ 2 -Housdorff space, then the multigraph G(F) of F is (i, j)-semi-I -closed in X ×Y .
For any two multifunctions F 1 : X 1 → Y 1 and F 2 : X 2 → Y 2 , the following hold:
semi-I -continuous (resp. lower (i, j)-semi-I -continuous).
Proof. We prove only the case for F upper (i, j)-semi-Icontinuous. Let (x 1 , x 2 ) ∈ X 1 × X 2 and W be any
Definition 3.10. [2] A collection U of subsets of a bitopological space (X, τ 1 , τ 2 ) is said to be τ 1 τ 2 -locally finite if every x ∈ X has a τ 1 τ 2 -neighborhood which intersects only finitely many elements of U . 
we denote a multifunction defined as follows Cl F(x) = τ 1 τ 2 -Cl(F(x)) for each x ∈ X.
Theorem 3.15. Let F : (X, τ 1 , τ 2 , I ) → (Y, σ 1 , σ 2 ) be a multifunction such that F(x) is a σ 1 σ 2 -paracompact and σ 1 σ 2regular for each x ∈ X. Then the following statements are equivalent.
F is upper
Proof. We put G = (i, j)-sI Cl F or Cl 1. F is lower (i, j)-semi-I -continuous.
2. (i, j)-sI Cl F is lower (i, j)-semi-I -continuous.
3. Cl F is lower (i, j)-semi-I -continuous.
Proof. By using Lemma 3.16 this is shown similarly to that of Theorem 3.15. Proof. Suppose that x ∈ X at which F is not upper (i, j)semi-I -continuous. Then there exists a
). This is a contradiction and hence F is not (i, j)-upper semi-I -continuous at x. 
Theorem 3.22. Let (F λ ) λ ∈D be a net of multifunction from an ideal bitopological space (X, τ 1 , τ 2 , I ) into a σ 1 σ 2 -compact space (Y, σ 1 , σ 2 ). If the following are satisfied.
and each x ∈ X. 
Hence F * is upper (i, j)-semi-I -continuous at x 0 . Since x 0 is arbitrary, the proof completes. Theorem 3.23. If F : (X, τ 1 , τ 2 , I ) → (Y, σ 1 , σ 2 ) is upper (i, j)-semi-I -continuous, point σ 1 σ 2 -closed and Y is σ 1 σ 2regular, then the graph G(F) of F is (i, j)-semi-I -closed set in the product space X ×Y .
Proof. Suppose (x, y) / ∈ G(F). Then we have y / ∈ F(x). Since Y is σ 1 σ 2 -regular, there exist disjoint σ 1 σ 2 -open sets V 1 and V 2 of Y such that y ∈ V 1 and F(x) ⊂ V 2 . Since F is upper (i, j)semi-I -continuous, F + (V 2 ) is (i, j)-semi-I -closed set in X containing x. Therefore, we obtain (x, y) ∈ U × F + (V 2 ) ⊂ X ×Y \G(F) and so G(F) is (i, j)-semi-I -closed.
Theorem 3.24. If F : (X, τ 1 , τ 2 , I ) → (Y, σ 1 , σ 2 ) is an upper (lower) (i, j)-semi-I -continuous, point σ 1 σ 2 -closed and Y is σ 1 σ 2 -normal, then A = {(x 1 , x 2 ) : F(x 1 ) = F(x 2 )} is (i, j)semi-I -closed in the product space X ×Y .
Proof. Let (x 1 , x 2 ) / ∈ A, then F(x 1 ) = F(x 2 ). Since Y is σ 1 σ 2normal, there exist disjoint σ 1 σ 2 -open sets V 1 and V 2 of Y such that F(x 1 ) ⊂ V 1 and F(x 2 ) ⊂ V 2 . Since F is upper (i, j)-semi-I -continuous, F + (V 1 ) and F + (V 2 ) are (i, j)-semi-I -open sets and x 1 ∈ F + (V 1 ) and x 2 ∈ F + (V 2 ). Therefore [F + (V 1 ) × F + (V 2 )] ∩ A = / 0. Since (x 1 , x 2 ) ∈ [F + (V 1 ) × F + (V 2 )] and F + (V 1 ) × F + (V 2 ) is (i, j)-semi-I -open set in X ×Y , we obtain (x 1 , x 2 ) ∈ (i, j)-sI Cl A.
